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Abstract
We present a class of higher dimensional solutions to Gauss-Bonnet-Maxwell equations in 2k+2
dimensions with a U(1) fibration over a 2k-dimensional base space B. These solutions depend on
two extra parameters, other than the mass and the NUT charge, which are the electric charge q and
the electric potential at infinity V . We find that the form of metric is sensitive to geometry of the
base space, while the form of electromagnetic field is independent of B. We investigate the existence
of Taub-NUT/bolt solutions and find that in addition to the two conditions of uncharged NUT
solutions, there exist two other conditions. These two extra conditions come from the regularity
of vector potential at r = N and the fact that the horizon at r = N should be the outer horizon
of the black hole. We find that for all non-extremal NUT solutions of Einstein gravity having
no curvature singularity at r = N , there exist NUT solutions in Gauss-Bonnet-Maxwell gravity.
Indeed, we have non-extreme NUT solutions in 2 + 2k dimensions only when the 2k-dimensional
base space is chosen to be CP2k. We also find that the Gauss-Bonnet-Maxwell gravity has extremal
NUT solutions whenever the base space is a product of 2-torii with at most a 2-dimensional factor
space of positive curvature, even though there a curvature singularity exists at r = N . We also
find that one can have bolt solutions in Gauss-Bonnet-Maxwell gravity with any base space. The
only case for which one does not have black hole solutions is in the absence of a cosmological term
with zero curvature base space.
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I. INTRODUCTION
The prominence of string theory as a theory of everything, in particular a quantum the-
ory of gravity, means that we should examine its consequences in regimes where it departs
from the Einstein gravity. One way of examining the consequence of string theory on the
solutions of classical gravity is through the use of the field equations which arise from the
effective action of a low-energy limit of string theory. This effective action which describes
gravity at the classical level consists of the Einstein-Hilbert action plus curvature-squared
terms and higher powers as well, and in general give rise to fourth order field equations and
bring in ghosts [1]. However, if the effective action contains the higher powers of curvature
in particular combinations, then only second order field equations are produced and conse-
quently no ghosts arise [2]. The effective action obtained by this argument is precisely of the
form proposed by Lovelock [3]. It is therefore natural to suppose that the construction of
the Taub-Nut solutions of Gauss-Bonnet gravity, which is the first order corrections of the
string theory at low energy, might provide us with a window on some interesting new cor-
ners of this theory. The first attempt has been done by one of us, and the Taub-NUT/bolt
solutions of Gauss-Bonnet gravity have been constructed [4]. These solutions have some
features which are different from the Nut solutions of Einstein gravity. Here, we construct
the Taub-NUT solutions in Gauss-Bonnet-Maxwell gravity and investigate their properties.
In the last decades a renewed interest appears in Lovelock gravity. In particular, exact
static spherically symmetric black hole solutions of the Gauss-Bonnet gravity have been
found in Ref. [5], and of the Maxwell-Gauss-Bonnet and Born-Infeld-Gauss-Bonnet models
in Ref. [6]. The thermodynamics of the uncharged static spherically black hole solutions has
been considered in [7], of solutions with nontrivial topology in [8] and of charged solutions
in [6, 9]. All of these known solutions in Gauss-Bonnet gravity are static. Recently one
of us has introduced two new classes of rotating solutions of second order Lovelock gravity
and investigate their thermodynamics [10]. Also, the exact solutions in third order Lovelock
gravity with the quartic terms has been constructed recently [11].
The original four-dimensional solution [12] is only locally asymptotic flat. The spacetime
has as a boundary at infinity a twisted S1 bundle over S2, instead of simply being S1 × S2.
In general, the Killing vector that corresponds to the coordinate that parameterizes the fibre
S1 can have a zero-dimensional fixed point set (called a NUT solution) or a two-dimensional
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fixed point set (referred to as a ‘bolt’ solution). There are known extensions of the Taub-
NUT/bolt solutions to the case when a cosmological constant is present. In this case the
asymptotic structure is only locally de Sitter (for positive cosmological constant) or anti-de
Sitter (for negative cosmological constant) and the solutions are referred to as Taub-NUT-
(A)dS metrics. Generalizations to higher dimensions follow closely the four-dimensional case
[13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. Also, charged Taub-NUT solution of the Einstein-
Maxwell equations in four dimensions is known [23], and its generalization to six dimensions
has been done in Refs. [24, 25]. The existence of NUT charged solutions of Einstein-
Yang-Mills and Einstein-Yang-Mills-Higgs theory and their thermodynamics have also been
considered [26]. Dyonic Taub-NUT solution in the low energy limit of string theory has also
been investigated [27].
In this paper we consider Taub-NUT solutions in Gauss-Bonnet-Maxwell gravity in 2k+2
dimensions. We find that NUT black holes exist, but Gauss-Bonnet-Maxwell gravity intro-
duces some features not present in higher-dimensional Einstein-Maxwell gravity or Gauss-
Bonnet gravity in the absence of electromagnetic field. The form of the metric function is
sensitive to the base space over which the circle is fibred, while the form of the electromag-
netic field is independent of the base space. We find that there exist some restrictions on
the value of electric charge in order to have NUT solutions. Furthermore, we confirm the
two conjectures of Ref. [4] and show that these conjectures can be extended to the case of
Gauss-Bonnet gravity in the presence of electromagnetic field. Indeed, we show that pure
non-extreme NUT solutions only exist if the base space has a single factor of maximal dimen-
sionality, and extreme NUT solutions exist if the base space has at most one 2-dimensional
curved space with positive curvature as one of its factor spaces.
The outline of our paper is as follows. We give a brief review of the field equations of
second order Lovelock gravity in the presence of electromagnetic field in Sec. II. In Sec.
III, we obtain all possible Taub-NUT/bolt solutions of Gauss-Bonnet-Maxwell gravity in six
dimensions. Then, in Secs. IV and V, we present all kind of Taub-NUT/bolt solutions of
Gauss-Bonnet-Maxwell gravity in eight and ten dimensions. In Sec VI, we extend our study
to the (2k + 2)-dimensional case. We finish our paper with some concluding remarks.
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II. FIELD EQUATIONS
The most natural extension of general relativity in higher dimensional spacetimes with
the assumption of Einstein – that the left hand side of the field equations is the most general
symmetric conserved tensor containing no more than second derivatives of the metric – is
Lovelock theory. The gravitational action of this theory can be written as [3]
IG =
∫
ddx
√−g
[d/2]∑
n=0
αkLk (1)
where [z] denotes the integer part of z, αk is an arbitrary constant and Lk is the Euler
density of a 2k-dimensional manifold,
Lk = 1
2k
δµ1ν1···µkνkρ1σ1···ρkσkR
ρ1σ1
µ1ν1 · · ·R ρkσkµkνk (2)
In Eq. (2) δµ1ν1···µkνkρ1σ1···ρkσk is the generalized totally anti-symmetric Kronecker delta and R
ρσ
µν
is the Riemann tensor. We note that in d dimensions, all terms for which n > [d/2] are
identically equal to zero, and the term n = d/2 is a topological term. Consequently only
terms for which n < d/2 contribute to the field equations. Here we study Gauss-Bonnet
gravity, that is first three terms of Lovelock gravity. In this case the action is
IG =
1
2
∫
M
ddx
√−g[−2Λ +R + α(RµνγδRµνγδ − 4RµνRµν +R2)− FµνF µν ] (3)
where Λ is the cosmological constant, α is the Gauss-Bonnet coefficient with dimension
(length)2, R and Rµν are the Ricci scalar and Ricci tensors of the spacetime, Fµν = ∂µAν −
∂νAµ is electromagnetic tensor field and Aµ is the vector potential. Since α is positive in
heterotic string theory [5] we shall restrict ourselves to the case α > 0. The first term is the
cosmological term, the second term is just the Einstein term, and the third term is the second
order Lovelock (Gauss-Bonnet) term. From a geometric point of view the combination of
these terms in five and six dimensions is the most general Lagrangian that yields second
order field equations, as in the four-dimensional case for which the Einstein-Hilbert action
is the most general Lagrangian producing second order field equations.
Varying the action with respect to the metric tensor gµν and electromagnetic tensor field
Fµν the equations of gravitation and electromagnetic fields are obtained as:
Gµν + Λgµν − α{4RρσRµρνσ − 2R ρσλµ Rνρσλ − 2RRµν + 4RµλRλν
+
1
2
gµν(RκλρσR
κλρσ − 4RρσRρσ +R2)} = Tµν (4)
4
∇µF µν = 0 (5)
where Gµν is the Einstein tensor and Tµν = 2F
ρ
µFρν − 12FρσF ρσgµν is the energy-momentum
tensor of electromagnetic field.
Since the second Lovelock term in Eq. (3) is an Euler density in four dimensions and has
no contribution to the field equations in four or less dimensional spacetimes, and we seek
Taub-NUT/bolt solutions in even dimensions, we therefore consider (2k + 2)-dimensional
spacetimes with k ≥ 2. In constructing these metrics the idea is to regard the Taub-
NUT spacetime as a U(1) fibration over a 2k-dimensional base space endowed with an
Einstein-Ka¨hler metric gB. Then the Euclidean section of the (2k + 2)-dimensional Taub-
NUT spacetime can be written as:
ds2 = F (r)(dτ +NA)2 + F−1(r)dr2 + (r2 −N2)gB (6)
where τ is the coordinate on the fibre S1 and A has a curvature F = dA, which is propor-
tional to some covariant constant 2-form. Here N is the NUT charge and F (r) is a function
of r. The solution will describe a ‘NUT’ if the fixed point set of the U(1) isometry ∂/∂τ
(i.e. the points where F (r) = 0) is less than 2k-dimensional and a ‘bolt’ if the fixed point
set is 2k-dimensional. We assume the following form for the vector potential A [25]
A = h(r)(dτ +NA) (7)
where A is the Ka¨hler form of the base space B and h(r) is an arbitrary function of r which
depends on the dimension of the spacetime and is independent of the base space B. In this
paper we construct the Taub-NUT/bolt solutions of Gauss-Bonnet gravity in the presence
of electromagnetic field and extend the two conjectures of Ref. [4] to the case of electrically
charged NUT solutions. These two conjectures were: 1) For all non-extremal NUT solutions
of Einstein gravity having no curvature singularity at r = N , there exist NUT solutions
in Gauss-Bonnet gravity that contain these solutions in the limit that the Gauss-Bonnet
parameter α vanishes. 2) Gauss-Bonnet gravity has extremal NUT solutions whenever the
base space is a product of 2-torii with at most one 2-dimensional space of positive curvature.
Here, we consider only the cases where all the factor spaces of B have zero or positive
curvature. Thus, the base space B may be the product of 2-sphere S2, 2-torus T 2 or CP k.
For completeness, we give the 1-forms and the metrics of these factor spaces. The 1-forms
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and metrics of S2, T 2 and CP k are
Ai = 2 cos θidφi,
dΩ2 = dθ2i + sin
2 θidφ
2
i
Ai = 2ηidζi
dΓi = dη
2
i + dζ
2
i
Ak = 2(k + 1) sin2 ξk
(
dψk +
1
2k
Ak−1
)
(8)
dΣ2k = 2(k + 1)
{
dξ2k + sin
2 ξk cos
2 ξk(dψk +
1
2k
Ak−1)2 + 1
2k
sin2 ξkdΣ
2
k−1
}
(9)
respectively, where Ak−1 is the Ka¨hler potential of CP k−1 [28]. In Eqs. (8) and (9) ξk and
ψk are the extra coordinates corresponding to CP
k with respect to CP k−1. The metric CP k
is normalized such that, Ricci tensor is equal to the metric, Rµν = gµν . The 1-form and the
metric of CP 1 are
A1 = 4 sin2 ξ1dψ1 (10)
dΣ1
2 = 4
(
dξ1
2 + sin2 ξ1 cos
2 ξ1dψ1
2
)
(11)
III. SIX-DIMENSIONAL SOLUTIONS
In this section we construct the six-dimensional Taub-NUT/bolt solutions of the Gauss-
Bonnet-Maxwell gravity. The base space B can be a 4-dimensional space or a product of
two 2-dimensional spaces. The electromagnetic field equation (5) for the metric (6) in six
dimensions is
(r2 −N2)2h′′(r) + 4r(r2 −N2)h′(r)− 8N2h(r) = 0 (12)
where through this paper the prime and double primes denote the first and second derivative
with respect to r respectively. The solution of Eq. (12) may be written as
h(r) =
1
(r2 −N2)2{qr + V (r
4 − 6r2N2 − 3N4)} (13)
where q and V are two arbitrary constants which correspond to charge and electric potential
at infinity respectively.
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To find the function F (r), one may use any components of Eq. (4). The simplest equation
is the tt component of these equations which is written in Sec. VI for various base space
in 2k + 2 dimensions. Here k = 2, and we find that the function F (r) for all the possible
choices of the base space B can be written in the form
F (r) =
(r2 −N2)2
12α(r2 +N2)
(
1 +
pα
(r2 −N2) −
√
B(r) + C(r)
)
B(r) = 1 +
4pαN2(r4 + 6r2N2 +N4) + 12αmr(r2 +N2)
(r2 −N2)4
+
12αΛ(r2 +N2)
5(r2 −N2)4 (r
6 − 5N2r4 + 15N4r2 + 5N6)
+
3α(r2 +N2)
N3(r2 −N2)6{4N
3(3r2 −N2)q2 − 128N5r3qV
+32N5(r6 + 15N2r4 − 9N4r2 + 9N6)V 2} (14)
where p is the sum of the dimensions of the curved factor spaces of B, and the function C(r)
depends on the choice of the base space B. The function C(r) for different base spaces are
given in the following table
B p (r2 −N2)4C(r)/α2
CP
2 4 −16(r4 + 6r2N2 +N4) + 3D(r)
S2 × S2 4 −32(r4 + 4r2N2 +N4)− 9D(r)
T 2 × S2 2 4(r2 −N2)2 + 9D(r)
T 2 × T 2 0 −9D(r)
where
D(r) =
r(r2 +N2)
αN3
q2 (15)
One may note that the above solutions given in this section reduce to those given in [4]
as q and V vanish and reduce to the solutions introduced in [25] as α goes to zero. Note
that the asymptotic behavior of these solutions for positive α is locally flat when Λ vanishes,
locally dS for Λ > 0 and locally AdS for Λ < 0 provided |Λ| < 5/(12α).
A. Taub-NUT Solutions
The solutions given in Eq. (14) describe NUT solutions, if (i) F (r = N) = 0, (ii)
F ′(r = N) = 1/(3N) and (iii) h(r = N) = 0. The first condition comes from the fact that
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all the extra dimensions should collapse to zero at the fixed point set of ∂/∂τ , the second
one ensures that there is no conical singularity with a smoothly closed fiber at r = N and
the third one comes from the regularity of vector potential at r = N . The last condition
becomes
V ≡ Vn = q
8N3
, (16)
which is independent of the choice of the base space.
Using the first two conditions with Eq. (16), one finds that Gauss-Bonnet-Maxwell gravity
in six dimensions admits NUT solutions with a CP 2 base space when the mass parameter
is fixed to be
mn = −16
15
N(3ΛN4 + 5N2 − 5α)− 3
4
q2
N3
(17)
provided the charged parameter q is less than a critical value qcrit. This condition on q
comes up from the fact that the horizon at r = N may not be the event horizon. Indeed for
q ≥ qcrit the event horizon located at r > N . To find qcrit we proceeds as follows. We define
the function gnut(r) as the numerator of Fnut(r) = F (V = Vn, m = mn, r)/(r −N) which is
positive at r = N , and solve the system of two equations


gnut(r) = 0
g′nut(r) = 0
(18)
for the unknown q and r. The q obtained by this method is the critical value qcrit. To be
more clear, we first obtain qcrit for the case of Λ = α = 0. The system of two equations (18)
becomes 

16N4(r + 3N)(r +N)2 − 3(r −N)q2 = 0,
16N4(3r + 7N)(r +N)− 3q2 = 0
with the following solution for q
qcrit =
{
32
3
(11 + 5
√
5)
}1/2
N3 (19)
For arbitrary values of Λ and α, one may find the critical value of q numerically. For α = 0.1,
Λ = −2 and N = 1 the critical value of charge which is obtained by solving the system of
two equations (18) is qcrit = 24.815. This can be seen in Fig. 1 which shows the function
Fnut(r) as a function of r for various values of q including q = qcrit.
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FIG. 1: Fnut(r) versus r with B = CP2 for N = 1, α = 0.1, Λ = −2, and q = qcrit = 24.815
(continuous line), q < qcrit (dotted line) and q > qcrit (bold line).
As in the case of solutions of Gauss-Bonnet gravity in the absence of electromagnetic field,
the solution with base space B = S2 × S2 does not satisfy the conditions of NUT solutions.
Computation of the Kretschmann scalar at r = N for the solutions in six dimensions shows
that the spacetime with B = S2 × S2 has a curvature singularity at r = N in Einstein
gravity, while the spacetime with B = CP 2 has no curvature singularity at r = N . Thus,
the conjecture given in [4] is confirmed even in the presence of electromagnetic field. Indeed,
we have non-extreme NUT solutions in 6 dimensions with non-trivial fibration when the
4-dimensional base space is chosen to be CP 2.
On the other hand, the solutions with B = T 2 × T 2 = BA and B = T 2 × S2 = BB are
extermal NUT solution provided the charge parameter is less than the critical value qcrit and
the mass parameter is fixed to be
mAn = −
16
5
ΛN5 − 3
4
q2
N3
, (20)
mBn = −
8
15
N3(6ΛN2 + 5)− 3
4
q2
N3
(21)
Indeed for these two cases F ′(r = N) = 0, and therefore the NUT solutions should be
regarded as extremal solutions. As in the case of non-extreme NUT solution, the critical
value qcrit depends on α, Λ and N , and it is not easy to give an analytic expression for it.
The critical value of q for BA = T 2 × T 2 and BB = T 2 × S2 may be found by solving the
9
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FIG. 2: Fnut(r) versus r with BB = T 2 × T 2 for N = 1, α = 0.1, Λ = −2, and qcrit = 11.322
(continuous line), q < qcrit (dotted line) and q > qcrit (bold line).
system of two equations (18). See Figs. 2 and 3 for more details.
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FIG. 3: Fnut(r) versus r with BB = T 2 × S2 for N = 1, α = 0.1, Λ = −2, and qcrit = 19.973
(continuous line), q < qcrit (dotted line) and q > qcrit (bold line).
Computing the Kretschmann scalar, we find that there is a curvature singularity at r = N
for the spacetime with B = BB, while the spacetime with BA has no curvature singularity at
r = N . Thus, the second conjecture of Ref. [4] can be extended to the case of Gauss-Bonnet
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gravity in the presence of electromagnetic field. Indeed, when the base space has at most
one two dimensional curved space as one of its factor spaces, then Gauss-Bonnet-Maxwell
gravity admits an extreme NUT solution even though there exists a curvature singularity at
r = N . As in the case of uncharged solutions of Gauss-Bonnet gravity, the extreme NUT
solution for the base space T 2 × T 2 in the absence of cosmological constant (Λ = 0) has no
horizon and the singularity is naked.
B. Taub-Bolt Solutions
The conditions for having a regular bolt solution are (i) F (r = rb) = 0, (ii) F
′(rb) =
1/(3N) and (iii)
V ≡ Vb = − qrb
r4b − 6N2r2b − 3N4
(22)
with rb > N . Condition (ii), which again follows from the fact that we want to avoid a
conical singularity at the bolt, together with the fact that the period of τ will still be 12piN
and V = Vb, gives the following equation for rb
3NΛrb
4+2rb
3−6N(ΛN2+1)rb2−2(N2−4α)rb+3ΛN5+6N3−ζαN−27N(Vb
rb
)2(r2b−N2)2 = 0
where ζ is 8 and 12 for the base spaces CP 2 and S2 × S2 respectively.
Next we consider the Taub-bolt solutions for B = T 2 × S2 and B = T 2 × T 2. Euclidean
regularity at the bolt requires the period of τ to be
β =
8pir3b (r
2
b −N2 + 2α)
r2b (r
2
b −N2)[1− Λ(r2b −N2)] + 9V 2b (r2b −N2)2
(23)
for B = T 2 × S2, and
β = − 8pir
3
b
(r2b −N2)(Λr2b − 9V 2b )
(24)
for B = T 2 × T 2. As rb varies from N to infinity, one covers the whole temperature range
from 0 to ∞, and therefore we have non-extreme bolt solutions. Indeed, the fibration in the
latter case is trivial: there are no Misner strings. The boundary has trivial topology and
therefore the Euclidean time period β will not be fixed, as it was in the B = CP 2 case, by
the value of the NUT parameter [29]. Again, as in the case of uncharged solution [4], there
is no bolt solution with B = T 2 × T 2 in the absence of cosmological constant.
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IV. EIGHT-DIMENSIONAL SOLUTIONS
In eight dimensions there are more possibilities for the base space B. It can be a 6-
dimensional space, a product of three 2-dimensional spaces, or the product of a 4-dimensional
space with a 2-dimensional one. We first consider the differential equation for vector poten-
tial (7). Equation (5) has the same form for any base space B as
(r2 −N2)2h′′(r) + 6r(r2 −N2)h′(r)− 12N2h(r) = 0 (25)
with the solution
h(r) =
1
(r2 −N2)3
[
qr + V (r6 − 5N2r4 + 15N4r2 + 5N6)] (26)
where V and q are two arbitrary constants which correspond to electric potential at infinity
and electric charge respectively.
For any base space, the form of the function F (r) is
F (r) =
(r2 −N2)2
8α(5r2 + 3N2)
(
1 +
4pα
3(r2 −N2) −
√
B(r) + C(r)
)
B(r) = 1− 16αmr (5r
2 + 3N2)
3(r2 −N2)5 +
16pαN2
15(r2 −N2)5 (r
6 − 15N2r4 − 45N4r2 − 5N6)
+
16αΛ (5r2 + 3N2)
105(r2 −N2)5 (5r
8 − 28N2r6 + 70N4r4 − 140N6r2 − 35N8)
+
4α (5r2 + 3N2)
9N5(r2 −N2)8 {12N
5(5r2 −N2)q2 − 384N7r3(r2 − 5N2)qV
+48N7(r10 − 25N2r8 − 70N4r6 + 350N6r4 − 75N8r2 + 75N10)V 2} (27)
where p is again the dimension of the curved factor spaces of B, and the function C(r)
depends on the choice of the base space. The function C(r) for various base spaces are
12
B p (r2 −N2)5C(r)/α2
CP 3 6 −16(r6 − 15N2r4 − 45N4r2 − 5N6)− 20D(r)
S2 × CP 2 6 −64
27
(13r6 − 135N2r4 − 345N4r2 − 45N6) + 60D(r)
S2 × S2 × S2 6 −128
3
(r6 − 9N2r4 − 21N4r2 − 3N6) + 20D(r)
T 2 × CP 2 4 128
27
(r6 + 9N2r4 + 51N4r2 + 3N6)− 60D(r)
T 2 × S2 × S2 4 −64
9
(r6 − 15N2r4 − 45N4r2 − 5N6)− 60D(r)
T 2 × T 2 × S2 2 64
9
(r2 −N2)3 − 20D(r)
T 2 × T 2 × T 2 0 –20D(r)
where
D(r) =
r(5r2 + 3N2)
9αN5
q2 (28)
One may note that the asymptotic behavior of all of these solutions is locally AdS for
Λ < 0 provided |Λ| < 21/(80α), locally dS for Λ > 0 and locally flat for Λ = 0. Note that
all the different F (r)’s given in this section have the same form as α goes to zero. Also, one
may note that these solutions reduce to the solutions of Gauss-Bonnet gravity [4] when q
and V vanish.
A. Taub-NUT Solutions
As in the case of six-dimensional spacetimes, the solutions given in Eq. (27) describe
NUT solutions, if (i) F (r = N) = 0, (ii) F ′(r = N) = 1/(4N), (iii) h(r = N) = 0 and (iv)
q < qcrit, where qcrit is the solution of the system of two equations (18). Using the third
conditions which comes from the regularity of vector potential at r = N gives
V ≡ Vn = − q
16N5
, (29)
It is easy to show that Gauss-Bonnet-Maxwell gravity in eight dimensions admits non-
extreme NUT solutions only when the base space is chosen to be CP 3. The conditions for
a nonsingular NUT solution are satisfied provided the mass parameter is fixed to be
mn = −8N
3
105
(16ΛN4 + 42N2 − 105α)− 5
12
q2
N5
(30)
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On the other hand, the solutions with B = T 2×T 2×T 2 = BA and B = T 2×T 2×S2 = BB
are extermal NUT solutions provided the mass parameter is
mAn = −
128
105
ΛN7 − 5
12
q2
N5
, (31)
mBn = −
16N5
105
(8ΛN2 + 7)− 5
12
q2
N5
(32)
These results for eight-dimensional Gauss-Bonnet gravity are consistent with the conjectures
of Ref. [4]. Again, one may note that the former extremal NUT solution does not have a
curvature singularity at r = N whereas the latter does.
B. Taub-Bolt Solutions
The conditions for having a regular bolt solution are F (r = rb) = 0, F
′(rb) = 1/(4N) and
V ≡ Vb = − qrb
r6b − 5N2r4b + 15N4r2b + 5N6
(33)
with rb > N . The second condition again follows from the fact that we want to avoid a
conical singularity at the bolt, together with the fact that the period of τ will still be 16piN .
Now applying these conditions for the curved base spaces gives the following equation for rb
4NΛrb
4+3rb
3−4N(3+2ΛN2)rb2+3(8α−N2)rb+4N(ΛN4+3N2−ζα)−100N(Vb
rb
)2(r2b−N2)2 = 0
where ζ is 9, 32/3 and 12 for the base spaces CP 3, S2×CP 2 and S2×S2×S2 respectively.
For the case of B = T 2×T 2×T 2 and B = T 2×T 2×S2, Euclidean regularity at the bolt
requires the period of τ to be
β = − 12pir
3
b
(rb2 −N2)(Λrb2 − 25V 2b )
(34)
and
β =
4pir3b (3rb
2 − 3N2 + 8α)
rb2(rb2 −N2)[1− Λ(rb2 −N2)] + 25V 2b (rb2 −N2)2
(35)
respectively. As rb varies from N to infinity, one covers the whole temperature range from
0 to ∞, and therefore one can have bolt solutions. Again, one may note that there is no
asymptotic locally flat black hole solutions with base space B = T 2 × T 2 × T 2.
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V. TEN-DIMENSIONAL SOLUTIONS
In ten dimensions there are more possibilities for the base space B. It can be an 8-
dimensional space, the product of a 6-dimensional space with a 2-dimensional one, a product
of two 4-dimensional spaces, a product of a 4-dimensional space with two 2-dimensional
spaces, or the product of four 2-dimensional spaces. Substituting the vector potential (7) in
source free Maxwell equation (5), for a ten-dimensional spacetime of the form given in Eq.
(6) with an arbitrary base space B , one obtains
(r2 −N2)2h′′(r) + 8r(r2 −N2)h′(r)− 16N2h(r) = 0 (36)
with the solution
h(r) =
1
5(r2 −N2)4{5qr + V (5r
8 − 28N2r6 + 70N4r4 − 140N6r2 − 35N8)} (37)
where V and q are two arbitrary constants which correspond to electric potential at infinity
and electric charge respectively.
The form of the function F (r) for any base space B may be written as
F (r) =
(r2 −N2)2
12α(7r2 + 3N2)
(
1 +
3pα
2(r2 −N2) −
√
B(r) + C(r)
)
,
B(r) = 1 +
36αmr (7r2 + 3N2)
(r2 −N2)6 +
6pαN2
35(r2 −N2)6 (3r
8 − 28N2r6 + 210N4r4 + 420N6r2 + 35N8)
+
2αΛ (7r2 + 3N2)
21(r2 −N2)6 (7r
10 − 45N2r8 − 126N4r6 − 210N6r4 + 315N8r2 + 63N10)
+
3α (7r2 + 3N2)
32N7(r2 −N2)10{64N
7(7r2 −N2)q2 − 4096N9r3(35N4 − 14N2r2 + 3r4)qV +
1024N9(5r14 − 77N2r12 + 861N4r10 − 525N6r8 − 5145N8r6 + 11025N10r4
−1225N12r2 + 1225N14)V 2} (38)
where p is the dimensionality of the curved portion of the base space, and the function C(r)
depends on the choice of the base space B. The function C(r) for different base spaces are
listed in the following table
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B p (r2 −N2)6C(r)/α2
CP 4 8 −144
25
(3r8 − 28N2r6 + 210N4r4 + 420N6r2 + 35N8)− 21D(r)
CP 2 × CP 2 8 −16
5
(11r8 − 76N2r6 + 450N4r4 + 820N6r2 + 75N8)− 630D(r)
S2 × CP 3 8 −18
5
(9r8 − 64N2r6 + 390N4r4 + 720N6r2 + 65N8) + 630D(r)
S2 × S2 × CP 2 8 −8
5
(29r8 − 184N2r6 + 990N4r4 + 1720N6r2 + 165N8)− 630D(r)
S2 × S2 × S2 × S2 8 -285
5
(r8 − 6N2r6 + 300N4r4 + 50N6r2 + 5N8)− 630D(r)
T 2 × CP 3 6 27
5
(r8 + 4N2r6 − 90N4r4 − 220N6r2 − 15N8)− 630D(r)
T 2 × S2 × CP 2 6 −1
5
(43r8 − 428N2r6 + 3330N4r4 + 6740N6r2 + 555N8)− 630D(r)
T 2 × S2 × S2 × S2 6 −9
5
(11r8 − 76N2r6 + 450N4r4 + 820N6r2 + 75N8)− 630D(r)
T 2 × T 2 × CP 2 4 4
5
(17r8 − 52N2r6 − 90N4r4 − 500N6r2 − 15N8)− 630D(r)
T 2 × T 2 × S2 × S2 4 12
5
(r8 + 4N2r6 − 90N4r4 − 220N6r2 − 15N8)− 630D(r)
T 2 × T 2 × T 2 × S2 2 9(r2 −N2)4 + 105D(r)
T 2 × T 2 × T 2 × T 2 0 105D(r)
where
D(r) =
r(7r2 + 3N2)
32αN7
q2 (39)
Note that the asymptotic behavior of all of these solutions is locally AdS for Λ < 0
provided |Λ| < 9/(42α), locally dS for Λ > 0 and locally flat for Λ = 0. As with the 6 and 8
dimensional cases, all the different F (r)’s have the same form as α goes to zero. Also, one
may note that these solutions reduce to those given in [4] when q and V vanish.
A. Taub-NUT Solutions
In order to have NUT solutions, the four conditions (i) F (r = N) = 0, (ii) F ′(r = N) =
1/(5N), (iii) the regularity of vector potential at r = N ,
V ≡ Vn = 5q
128N7
, (40)
and (iv) the restriction on q < qcrit, where qcrit is the solution of the system of two equations
(18) should be satisfied. Using these four condition, we find that Gauss-Bonnet gravity in
ten dimensions admits non-extreme NUT solutions only when the base space is chosen to
be CP 4, provided the mass parameter is fixed to be
16
mn = −128N
5
4725
(25ΛN4 + 90N2 − 378α)− 35
128
q2
N7
(41)
On the other hand, the solutions with B = T 2 × T 2 × T 2 × T 2 = BA and B = T 2 × T 2 ×
T 2 × S2 = BB are extermal NUT solution provided the mass parameter is
mAn = −
128
189
ΛN9 − 35
128
q2
N7
, (42)
mBn = −
64N7
945
(10ΛN2 + 9)− 35
128
q2
N7
(43)
and q < qcrit. It is also straightforward to show that the former extremal NUT solution has
no curvature singularity at r = N , whereas the latter has. These results in ten-dimensions
shows that the conjectures of Ref. [4] may be extended to the case of Gauss-Bonnet-Maxwell
gravity.
B. Taub-Bolt Solutions
Now applying the conditions for having a regular bolt solution F (r = rb) = 0, F
′(rb) =
1/(5N) with rb > N and
V ≡ Vb = − 5qrb
5r8b − 28N2r6b + 70N4r4b − 140N6r2b − 35N8
for the curved base spaces gives the following equation for rb
5NΛrb
4 + 4rb
3 − 10N(2 + ΛN2)rb2 + 4(12α−N2)rb
+N(5ΛN4 + 20N2 − ζα)− 245N(Vb
rb
)2(r2b −N2)2 = 0
where ζ is equal to 96, 105, 320/3, 340/3 and 120 for the base spaces CP 4, S2 × CP 3,
CP 2 × CP 2, S2 × S2 × CP 2 and S2 × S2 × S2 × S2 respectively.
For the case of B = T 2× T 2× T 2× T 2 and B = S2× T 2× T 2× T 2, Euclidean regularity
at the bolt requires the period of τ to be
β = − 16pir
3
b
(rb2 −N2)(Λrb2 − 49V 2b )
(44)
and
β =
16pir3b(rb
2 −N2 + 3α)
rb2(rb2 −N2)[1− Λ(rb2 −N2)] + 49V 2b (rb2 −N2)2
(45)
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respectively. As rb varies from N to infinity, one covers the whole temperature range from
0 to ∞, and therefore one can have bolt solutions. Again, one may note that for the case
of an asymptotic locally flat solution with base space B = T 2 × T 2 × T 2 × T 2, there is no
black hole solution.
VI. THE (2k + 2)-DIMENSIONAL TAUB-NUT SOLUTIONS
In this section we present the (2k + 2)-dimensional solution of Gauss-Bonnet-Maxwell
gravity. The electromagnetic field equation (5) for the metric (6) in 2k + 2 dimensions is
(r2 −N2)2h′′(r) + 2kr(r2 −N2)h′(r)− 4kN2h(r) = 0 (46)
The solution of Eq. (46) may be expressed in terms of hypergeometric function
2F1([a, b], [c], z) in a compact form. The result is
h(r) =
1
(r2 −N2)k
(
qr − (−1)k(2k − 1)V N2k 2F1
([
−1
2
,−k
]
,
[
1
2
]
,
r2
N2
))
(47)
where V and q are two arbitrary constants which correspond to electric potential at infinity
and charge respectively.
Here, we consider only those cases which Gauss-Bonnet-Maxwell gravity admits NUT
solutions, leaving out the other cases which one has only bolt solution for reasons of economy.
There are three cases which we have NUT solutions in 2k + 2 dimensions.
The only case which Gauss-Bonnet gravity admits non-extreme NUT solution in 2k + 2
dimensions is when the base space is B = CP k. To find the function F (r), one may use any
components of Eq. (4). The simplest equation is the tt component of these equations which
can be written as
Ω1rF
′(r) + Ω2F
2(r) + Ω3F (r) + Ω4 = [h
′′(r)]
2
+
4kN2
(r2 −N2)2h
2(r), (48)
where h(r) is given in Eq. (47) and Ω1 to Ω4 are
Ω1 = −α
(
(2k − 1)r2 + 3N2)F (r) + (r2 −N2)
(
α +
r2 −N2
4(k − 1)
)
,
Ω2 = − α
2(r2 −N2)
{
(2k − 1)(2k − 3)r4 + 2(2k − 7)N2r2 + 3N4} ,
Ω3 = −(r
2 −N2)[(2k − 1)r2 +N2]
4(k − 1) + α
(
(2k − 3)r2 +N2) ,
Ω4 = (r
2 −N2)
{
Λ
(r2 −N2)2
4k(k − 1) −
(r2 −N2)
4(k − 1) −
kα
2(k + 1)
}
(49)
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The solutions of Eq. (48) describe NUT solutions, if (i) F (r = N) = 0, (ii) F ′(r = N) =
[(k+1)N ]−1, (iii) h(r = N) = 0 and (iv) the charge q is less than a critical value qcrit, where
qcrit is the solution of the system of two equations (18). The first condition comes from the
fact that all the extra dimensions should collapse to zero at the fixed point set of ∂/∂τ ,
the second one ensures that there is no conical singularity with a smoothly closed fiber at
r = N , the third one comes from the regularity of vector potential at r = N and the fourth
condition comes up since r = N should be the event horizon.
Using these conditions, one finds that the solutions of the differential equation (48) with
Ωi’s of Eqs. (49) yield a non-extreme NUT solution for any given (even) dimension k ≥ 2
provided
V ≡ Vn = (−1)
k
2
√
piN2k−1
Γ(k − 1
2
)
Γ(k + 1)
q, (50)
the mass parameter m is fixed to be
mn = −(k − 2)!2
k−1N2k−3
(k + 1)(2k + 1)!!
{8(k + 1)2ΛN4 + 4k(k + 1)(2k + 1)N2
−4k(2k + 1)(2k − 1)(k − 1)α} − 4Γ(k +
1
2
)√
pikΓ(k + 1)
N1−2kq2 (51)
and q < qcrit. This solution has no curvature singularity at r = N .
Solutions of Eqs. (48) and (49) for m 6= mn in any dimension can be regarded as bolt
solutions. The value of the bolt radius rb > N may be found from the regularity conditions
(i) F (r = rb) = 0 and F
′(rb) = [(k+1)N ]
−1. Applying these for B = CP k gives the following
equation for rb
4(k + 1)ΛNrb
4 + 4krb
3 − 4(k + 1)N [k + 2ΛN2] rb2 + 4k [4(k − 1)α−N2] rb
+N
[
4(k + 1)ΛN4 + 4k(k + 1)N2 − 8(k − 1)k2α]− 4(k + 1)(2k − 1)2N(Vb
rb
)2(r2b −N2)2 = 0
where Vb is the solution of h(rb) = 0.
Next we consider the solutions with the base space B = T 2× ...× T 2. The field equation
is given by (48), where now
Ω1 = −α{(2k − 1)r2 + 3N2}F + (r
2 −N2)2
4(k − 1) ,
Ω2 = − α
2(r2 −N2)
{
(2k − 1)(2k − 3)r4 + 2(2k − 7)N2r2 + 3N4} ,
Ω3 = −(r
2 −N2)[(2k − 1)r2 +N2]
4(k − 1) ,
Ω4 = Λ
(r2 −N2)3
4k(k − 1) (52)
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The solutions of Eqs. (48) and (52) yield an extreme NUT solution for any given even
dimension provided q < qcrit and the mass parameter m is fixed to be
mn = −(k + 1)(k − 2)!2
k+2
(2k + 1)!!
ΛN2k+1 − 4Γ(k +
1
2
)√
pikΓ(k + 1)
N1−2kq2 (53)
where in this case the spacetime has no curvature singularity at r = N . Also one may find
that the Euclidean regularity at the bolt requires the period of τ to be
β = − 4kpir
3
b
(r2b −N2)(Λr2b − (2k − 1)2V 2b )
(54)
and can have any value from zero to infinity as rb varies from N to infinity, and therefore
one can have bolt solution.
Finally, we consider the solution when B = S2 × T 2 × ...× T 2. In this case the field has
the same form as Eq. (48) with
Ω1 = −α{(2k − 1)r2 + 3N2}F + (r2 −N2){α
k
+
r2 −N2
4(k − 1)},
Ω2 = − α
2(r2 −N2)
{
(2k − 1)(2k − 3)r4 + 2(2k − 7)N2r2 + 3N4} ,
Ω3 = −(r
2 −N2)[(2k − 1)r2 +N2]
4(k − 1) +
4(k − 1)
k
α{(2k − 3)r2 +N2},
Ω4 =
(r2 −N2)2[Λ(r2 −N2)− 1]
4k(k − 1) (55)
Solutions of Eqs. (48) with (55) yield a NUT solution for any given even dimension with
curvature singularity at r = N , provided the mass parameter m is fixed to be
mn = −(k − 2)!2
k+1
(2k + 1)!!
N2k−1
{
2(k + 1)ΛN2 + (2k + 1)
}− 4Γ(k + 12)√
pikΓ(k + 1)
N1−2kq2 (56)
and q < qcrit. Also one may find that the Euclidean regularity at the bolt requires the period
of τ to be
β =
4kpir3b (rb
2 −N2 + 4(k−1)
k
α)
r2b (r
2
b −N2)[1− Λ(rb2 −N2)] + (2k − 1)2V 2b (r2b −N2)2
(57)
Again, β of Eq. (57) can have any value from zero to infinity as rb varies from N to infinity,
and therefore one can have bolt solution.
The asymptotic behavior of all of these solutions is locally AdS for Λ < 0 provided
|Λ| < k(2k + 1)/[(k − 1)(2k − 1)α] locally dS for Λ > 0 and locally flat for Λ = 0 . All the
different F (r)’s for differing base spaces have the same form as α goes to zero, while they
reduce to the solutions of Gauss-Bonnet gravity constructed in [4] when q = V = 0.
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VII. CONCLUDING REMARKS
We have presented a class of (2k + 2)-dimensional Taub-NUT/bolt solutions in Gauss-
Bonnet-Maxwell gravity with cosmological term. These solutions are constructed as S1
fibrations over even dimensional spaces that in general are products of Einstein-Ka¨hler
spaces. We found that the function F (r) of the metric depends on the specific form of the
base factors on which one constructs the circle fibration, while the form of electromagnetic
field is independent of the base space. This is different from the solution of the Einstein-
Maxwell gravity where the metric in any dimension is independent of the specific form of
the base factors. In the presence of electromagnetic field, there exist two extra parameters,
in addition to the mass and the NUT charge, namely; the electric charge q and the potential
at infinity V .
We found that in order to have NUT charged black holes in Gauss-Bonnet-Maxwell
gravity, in addition to the two conditions of uncharged NUT solutions, there exists two
other conditions. The first extra condition comes from the regularity of vector potential at
r = N which gives a relation between q and V . Indeed, the existence of the parameter V
enables us to get a regularity condition on the one-form potential which is identical to that
required to obtain a NUT solution. If one of these parameters vanishes then the other one
should be equal to zero and the solution reduces to the uncharged solution. The second
extra condition comes from the fact that the horizon at r = N should be the outer horizon
of the black hole. Indeed, Gauss-Bonnet-Maxwell gravity admits NUT black holes provided
the charge parameter is less than a critical value qcrit, which may be obtained by solving the
system of two equations (18). In any dimension, the mass parameter m which is fixed by
these four NUT conditions depends on the fundamental constant Λ, α, N and q.
We also found that when Gauss-Bonnet gravity admits non-extremal NUT solutions with
no curvature singularity at r = N , then there exists a non-extremal NUT solution in Gauss-
Bonnet-Maxwell gravity too. In (2k + 2)-dimensional spacetime, this happens when the
metric of the base space is chosen to be CP k. Indeed, Gauss-Bonnet-Maxwell gravity does
not admit non-extreme NUT solutions with any other base space. We confirm that when
the base space has at most a 2-dimensional curved factor space with positive curvature, then
Gauss-Bonnet-Maxwell gravity admits extremal NUT solutions as in the case of uncharged
solutions. Finally, we obtained the bolt solutions of Gauss-Bonnet-Maxwell gravity in various
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dimensions and different base spaces, and gave the equations which can be solved for the
horizon radius of the bolt solution.
Although, we obtained the explicit form of the solutions in 6, 8 and 10 dimensions, one can
generalize these solutions in a similar manner for even dimensions higher than ten. We gave
the vector potential and the differential equation of the function F (r) in 2k+2 dimensions.
In (2k+ 2)-dimensional spacetime, we have only one non-extremal NUT solution with CP k
as the base space, and two extremal NUT solutions with the base spaces T 2×T 2× .....×T 2
and S2 × T 2 × T 2 × .....× T 2. There is no curvature singularity for the first two case, while
for the latter case, the spacetime has curvature singularity at r = N .
Insofar we see that the corrections of low energy limit of string theory single out a
preferred base space in order to have NUT solutions. Thus, the investigation of the existence
of NUT solutions in dimensionally continued gravity, or Lovelock gravity with higher order
terms might provide us with a window on some interesting new corners of higher order
gravity. Also, the study of thermodynamic properties of these solutions remains to be
carried out in the future.
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